Abstract. In this note we are concerned with the notion of amenable representation type as defined in a recent paper by Gábor Elek. We will show that the tame hereditary path algebras of quivers of extended Dynkin type over any field k are of amenable type, thus extending a conjecture in the aforementioned paper to another class of tame algebras. In doing so, we avoid using already known results for string algebras.
Introduction
In [Ele17] , Elek has introduced the notion of hyperfiniteness for countable sets of modules and that of amenable representation type for algebras. We deviate slightly and give the following definiton, as we extend the notion of hyperfiniteness to arbitrary families and that of amenability to representation-finite algebras. Definition 1. Let k be a field, A be a finite dimensional k-algebra and let M be a set of A-modules. M is called hyperfinite provided for every ε > 0 there exists a number L ε > 0 such that for every M ∈ M there exists a submodule P ⊆ M such that
and modules N 1 , N 2 , . . . N t ∈ mod A, with dim k N i ≤ L ε , such that P ∼ = t i=1 N i . The k-algebra A is said to be of amenable representation type provided the set of all finite dimensional A-modules (or more specific, a set which meets any isomorphism class of finite dimensional A-modules) is a hyperfinite.
Using this definition, families of modules are classified by the existence of large submodules which are built up from modules of bounded dimension. By doing so, one can divide those alegbras into amenable and non-amenable representation types, possibly mirroring the tame/wild dichotomy. It is further conjectured [Ele17,  Conjecture 1] that finite dimensional algebras are of tame type if and only if they are of amenable representation type. While string algebras (over countable fields) are shown to be of amenable type in [Ele17, Proposition 10.1], further examples are still lacking.
In this note we therefore exhibit a new class of algebras of tame and amenable representation type by prove the following Main Theorem. Let Q be an acyclic quiver of extended Dynkin type A n , D n , E 6 , E 7 or E 8 . Let k be any field. Then the path algebra kQ of Q is of amenable representation type.
In order to prove our Main Theorem, we will first deduce some general results for hyperfinite families in Section 2. In Section 3, we will then take the first steps towards proving the Main Theorem by discussing several technical lemmas, before studying the case of the 2-Kronecker quiver in Section 4. This result will then be used to prove the Main Theorem in Section 5, using a descent argument via localization.
Hyperfiniteness and Amenability
We shall start the discussion by a further inspection of Definition 1.
Remark. Since P is a submodule of M , the condition in (1) in the above definition is equivalent to (2) dim k (M/P ) ≤ ε dim k M,
Remark. Finite sets are hyperfinite, as we can take L ε to be the maximum of the dimensions. For the same reason, families of modules of bounded dimension are hyperfinite. Moreover, if M, M ′ are hyperfinite families, so is M ∪ M ′ : we can simply choose L ε to be the maximum of the L ε s, corresponding to M and to M ′ respectively. Similarly, any finite union of hyperfinite families is hyperfinite.
Proposition 2. Let M be a family of A-modules. If M is hyperfinite, so is the family of all finite direct sums of modules in M.
Proof. Let M be hyperfinite and let
as for the hyperfiniteness of M. Then
as direct sums respect submodule inclusions. Also
This shows that to check amenability, it is enough to check the criterion on all indecomposable modules.
Example 3. Let A be a representation finite algebra. Since there are only finitely many isoclasses of (finitely generated) indecomposable modules, for any ε by choosing
for any M ∈ ind A we can just take P = M to show that such an algebra Proof. Let L ≥ 0 and ε > 0. If the dimension of the modules in M was bounded, say by K, we can set L ε := K and choose P = M for all M ∈ M. Hence, let M ∈ M have large dimension, i.e. dim k M >
2L
ε . We choose a submodule P ∈ N of codimension bounded by L. Since N is hyperfinite, there is some submodule
We thus have that
What is more, Y decomposes into direct summands of dimension less than or equal to L 
for all X ∈ mod A. If N ⊆ mod A is a hyperfinite family, then the family
is also hyperfinite.
Proof. Let us denote M := {F (X) : X ∈ N }. By the hypothesis, for anyε we can find someLε > 0 to exhibit the hyperfiniteness of the family N . Let M ∈ mod B such that there exists some N ∈ N with F (N ) = M . Then there is a submodule
Moreover, the sequence
is exact, so F (P ) is a submodule of M , and by the rank-nullity theorem,
We can therefore choose L ε to be K 2Lε to show the hyperfiniteness of M.
Remarks.
A functor fulfilling the hypothesis of Proposition 5 may be called hyperfiniteness preserving or HF-preserving. Moreover, inspection of the proof shows that the left inequality of (3) need only hold for X ∈ N .
Example 6. The application of Proposition 5 includes some useful cases:
(1) Equivalences are HF-preserving functors, since they are left exact and simples getting mapped to simples determine length and thus dimension. (2) If A is the path algebra of a quiver Q of amenable representation type, and i ∈ Q 0 is a sink, the path algebra kQ ′ , where Q ′ = σ i (Q) is the quiver obtained from Q by reversing all arrows starting or ending in i, is also of amenable type. To see this, let C = C i be the full subcategory of mod kQ ′ of objects having no direct summand isomorphic to S(i). Then every indecomposable object of mod kQ ′ is either contained in C or is isomorphic to S(i). Consider the BGP reflection functor S + i , which is left exact. For S + i and S − i , the right hand part of (3) holds with K 2 = |Q 1 | + 1, implying that the right inequality holds for S + i on C. As C is in the essential image of S + i , the family of indecomposable modules of mod kQ ′ is hyperfinite, proving the claim.
Extended Dynkin quivers
From now on, let k be any field and Q be an acyclic, extended Dynkin quiver, i.e. a quiver of type A n , D n , E 6 , E 7 or E 8 which has no oriented cycles. Let Q 0 be the underlying set of vertices and Q 1 the set of arrows, and denote the starting and terminating vertex of an arrow a : i → j by s(a) = i and t(a) = j respectively. We shall consider the category mod kQ of finite dimensional right modules over the path algebra kQ, which is equivalent to the category rep kQ of finite dimensional k-linear representations of Q. Here, a representation (M i , M a ) of Q is given by a collection {M i : i ∈ Q 0 } of finite dimensional k-vector spaces along with a collection of k-linear maps {M a : a ∈ Q 1 }. It is well known that these categories are tame and hereditary. We shall write dim M for the dimension vector of the representation M , where
Recall the Euler bilinear form,
which agrees with the homological bilinear form on the dimension vectors of the representations, i.e.
the Tits form, i.e. the corresponding quadratic form, q(x) = x, x , and its radical
We shall denote the minimal (integer) generator of rad q by h Q . What is more, define the defect of X by ∂(X) = ∂(dim X) = h Q , dim X . It allows us to distinguish between preprojective (∂ < 0), regular (∂ = 0) and preinjective (∂ > 0) components of mod kQ. Also recall that mod kQ has Auslander-Reiten sequences, giving rise to the AR translate τ and its inverse τ − . The category may thus be described by its AR quiver Γ kQ . Moreover, there exists a transformation c on Q |Q0| , called the Coxeter transformation, such that for any module without projective direct summand, we have dim τ (X) = c(dim X).
Note that the defect is a uniquely determined, normalised c-invariant form. Now, the Coxeter number d Q is the smallest positive integer d such that for all x ∈ Q |Q0| ,
What is more, we recall that the regular component of Γ kQ is an Abelian category comprising pairwise orthogonal standard stable tubes, of which at most three are inhomogeneous, having more than one simple regular module. As the simple regular modules of each tube form a cycle under τ , we may therefore use a triple (p, q, r) of positive integers to list the cycle lengths of the inhomogeneous tubes and call it the tubular type of Q.
We will further use the notion of a perpendicular category for some module M ∈ mod kQ by
To proceed with the proof of the main theorem, we gather some technical lemmas. The first will be a result on the sum of the dimension vectors of the simple regular modules in homogeneous tubes of Γ kQ . Proof. Let T 1 , . . . , T m denote the isoclasses of simple regular modules on the mouth of T such that τ T i = T i−1 for i = 2, . . . , m and τ T 1 = T m . Following [Rin84,
Chapter 3], we define the objects
is the regular module of regular length ℓ with regular socle T i . Now, any regular indecomposable in T will be given as some
By [Rin84, 3.1.(3')] and its extension to an arbitrary field via [Rin94, Corollary 1] we have that
This implies that for any
Since m ≥ 2, this implies that for all i ∈ Z and ℓ ≡ 0 mod m, T i [ℓ] is contained in the perpendicular category of some simple regular, e.g. in T
Proof. Clearly,
so h Q has a component equal to d. Let S 1 , . . . , S m be the simple regular modules on the mouth of T. By Lemma 7,
Now, we can choose j such that j − r − 1 ≡ j 0 mod m. Since Hom(S j , X) = 0 , for S j is regular and X is preprojective, we must have that Ext
Indeed, a slightly stronger result can be shown. Proof. Clearly,
so h Q has a component equal to d. Let S 1 , . . . , S m be the simple regular modules on the mouth of T. Then m j=1 dim S j = h Q by Lemma 7. We will write d j = (dim S j ) i and have
where dim Ext 1 (X, S j ) = dim D Hom(S j+1 , X) = 0 by [Rin84, 2.4.(6*)] and the fact that there are no maps from the regular to the preprojective component.
Thus, if there is some j such that (dim S j−r ) i > 0, we can choose some non-zero map θ ∈ Hom(X, S j ). The image im θ ⊆ S j must be regular or has a preprojective summand. If there was a preprojective summand Z, it must be to the right of X in Γ kQ . But for any preprojective module M in the r-th translate of the projectives or further to the right, we know that dim M = dim τ dQ M − mh Q > h Q , where m < 0 by the properties of preprojective modules. On the other hand, dim im θ ≤ dim S j ≤ h Q , a contradiction. Thus, im θ must be regular. Since S j is a simple regular, this implies that θ is surjective. We therefore have an exact sequence
by letting Y := ker θ. Applying Hom(−, S j ), we get an exact sequence
Since S j is a non-homogeneous simple regular, there are no self-extensions, and we have Ext 1 (S j , S j ) = 0. Hence, ξ yields the short exact sequence
Now, if d j−r > 1 for all j, using the hypothesis, we would have
a contradiction. Therefore, there is some j 0 with d j0−r ≤ 1. If d j0−r = 1, we have that dim Hom(X, S j0 ) = 1, so the exact seqeunce ξ ′ implies that Hom(Y, S j0 ) must be zero by dimension arguments, for dim End(S j0 ) ≥ 1.
Along with the fact that Hom(S j0+1 , Y ) = 0, since there are no maps from regular to preprojective modules, this implies that Y ∈ S ⊥ j0+1 and we are in case (2). If d j0−r = 0, we have that dim Hom(X, S j0 ) = 0. So, similarly, Ext 1 (S j0+1 , X) = 0, and Hom(S j0+1 , X) = 0, and X ∈ S ⊥ j0+1 , showing that we are in case (1).
Remark. Similar results can reasonably expected for preinjective modules. Yet, we choose a different approach for those.
Lemma 11. Let X = τ r I(i) be some indecomposable preinjective kQ-module of defect ∂(X) = d. Then there is an injective module I(j) such that there exists a non-zero morphism θ : X → I(j). Moreover, for any direct summand Z of ker θ, we have ∂(Z) < d.
Proof. Let E(X) be the injective envelope of X, and take I(j) to be some indecomposable direct summand of E(X). This yields a non-zero homomorphism θ : X → E(X) → I(j). Consider the exact sequence
Since there is a map from a preinjective module to im θ, the latter must be preinjective or zero. Yet, im θ = 0, since θ is non-zero. Thus, ∂(im θ) > 0. Therefore, ∂(ker θ) < ∂(X). If ker θ only had preprojective or regular summands Z, we are done, for then ∂(Z) ≤ 0. Thus, we may assume that there is some some preinjective direct summand Z. Since Z embeds into ker θ and the kernel embeds into X, we get a short exact sequence 0 → Z → X → X/Z → 0, using the fact that mod kQ is Abelian. Since X is preinjective, again X/Z must be preinjective or zero. If it was zero, then Z ∼ = ker θ ∼ = X, a contradiction, since ∂(ker θ) = ∂(X). Thus, ∂(X/Z) > 0, and hence we may conclude ∂(Z) < ∂(X) = d.
The special case of the 2-Kronecker quiver
The next theorem will be used as the base case in the proof of the main result. In the case of a countable algebraically closed field, it follows from the results on string algebras in [Ele17, Proposition 10.1], but we give a direct and independent proof here for illustration purposes and to the convenience of the reader.
Theorem 12. Let k be any field. Then the path algebra of the 2-Kronecker quiver is of amenable representation type.
Proof. We fix a notation for the the vertices and arrows as follows.
2 a b
It is well-known (see e.g. [Ben98, Theorem 4.3.2] or [Bur86] ) that the indecomposable preprojective and preinjective k-representations of Q are given by
respectively, while the indecomposable regular representations are given by
where either φ is the identity and ψ is given by the companion matrix of a power of a monic irreducible polynomial over k, or ψ is the identity and φ is given by the companion matrix of a polynomial of the form λ m . We will show that the preprojective, the regular and the preinjective component are each hyperfinite families to conclude the amenability of mod kQ. We will give an argument for the indecomposable objects in each component and then apply Proposition 2 to extend the result.
We start with the preprojectives, and let ε > 0. Set K ε := 1 2ε + 1 and
there is nothing to show. We may thus assume that dim X > L ε , implying i ≥ K ε , and write i = j · K ε + r, where 0 ≤ r < K ε . Now consider the standard basis {e 1 , e 2 , . . . e i } of k i . Let U be the submodule of X generated by the subset {e 1 , . . . , e Kε−1 } ∪ {e Kε+1 , . . . , e 2Kε−1 } ∪ . . .
. . , e jKε−1 } ∪ {e jKε+1 , . . . , e i }, dropping every K ε -th basis vector at the source. Then U decomposes into j direct summands of type P Kε−1 and a smaller rest term. All summands will thus be of
This shows that the family of indecomposable preprojective modules P(kQ) is hyperfinite.
If X = R n (φ, ψ) is an indecomposable regular module, we may consider the submodule Y generated by the basis vectors {e 1 , . . . , e n−1 } of the vector space at vertex 1. Note that we assume that ψ corresponds to the Frobenius companion matrix of a monic polynomial. Then Y ∼ = P n−1 , so by the above it belongs to the hyperfinite family P(kQ). We have that dim Y = dim X − 1. Thus, Proposition 4 implies the hyperfiniteness of the indecomposable regular modules.
We are left to deal with the preinjective case. By Lemma 11, for each indecomposable preinjective X, we can find a submodule Y := ker θ of strictly smaller defect. Moreover, if Y had a preinjective summand Z, it must have defect ∂(Z) < ∂(X). In this situation, all indecomposable preinjective modules have defect d = 1. Choose the hyperfinite family N 0 = P(kQ) ∪ R(kQ) of all preprojective and regular modules. For all preinjective indecomposables, the submodule Y must be in add N 0 , since there are no non-zero preinjective modules Z with defect ∂(Z) < 1. This family is hyperfinite by the above. Moreover, the codimension of Y is bounded by the dimension of the indecomposable injectives, of which there are only two. Hence, we can use Proposition 4 to prove the hyperfiniteness of the indecomposable preinjectives. Now apply Proposition 2 to P(kQ) ∪ R(kQ) ∪ Q(kQ) to see that mod kQ is hyperfinite, and thus kQ is amenable.
Proof of the Main Theorem
In order to prove our main result, another result is needed. Proof. By [GL91, Proposition 1.1], T ⊥ is an exact abelian subcategory of mod kQ closed under the formation of kernels, cokernels and extensions. What is more, [GL91, Theorem 4.16] yields that T ⊥ = mod Λ for some finite dimensional hereditary algebra Λ, along with a homological epimorphism ϕ : kQ → Λ, which induces a functor ϕ * : mod Λ → mod kQ. By Morita equivalence, we may assume that Λ is basic. Now, if S is any simple Λ-module, then S ∼ = P/ rad(P ), where P is a principal indecomposable Λ-module. We have that ϕ * maps preprojectives to preprojectives by [GL91, Theorem 10.1(4)] and so it follows from [Rin94, Corollary 1] that End kQ (ϕ * P ) ∼ = End kQ (E) for some simple kQ-module E, since preprojective kQmodules are exceptional. But the simple kQ-modules all have trivial endomorphism ring k. Next, note that by [AF92, Theorem 17.12]
where J denotes the Jacobson radical. Using [GL91, Theorem 4.4, Definiton 4.5], we have End Λ (P ) ∼ = End kQ (ϕ * P ) ∼ = k, thus J (End Λ (P )) = 0. Hence it follows that End Λ (S) ∼ = k. At large,
Finally, [ARS95, Proposition III.1.13] shows that Λ is isomorphic to kQ ′ for some quiver Q ′ . What is more, the proof of [Sch86, Theorem 13] now implies that Λ is tame and hence the path algebra of an extended Dynkin quiver, and has tubular type (p − 1, q, r). By the hypothesis, it is amenable.
(2, 3, 4) Table 1 . Tubular types and minimal radical vector of the acyclic extended Dynking diagrams. Now, if F : mod kQ ′ → mod Λ → T ⊥ is an equivalence, the simples S(i) of kQ ′ get mapped to certain modules B i in mod kQ. The k-dimension of any module M over a path algebra is determined by the length of any composition series. Such a series for M in kQ ′ gets mapped to a composition series in the perpendicualar category, and thus a series in mod kQ, such that the factor modules are isomorphic to some B i . Letting K ′ := max{dim B i }, we thus know that
On the other hand, if F (M ) ∈ T ⊥ , any submodule of F (M ) in T ⊥ is also a submodule in mod kQ, so a composition series of F (M ) in mod kQ is at least as long as one in
kQ , using the fact that the length of M in mod kQ ′ equals the length of F (M ) considered as an object of T ⊥ . Hence by Proposition 5, we have that each T ⊥ is a hyperfinite family.
Remark. The above proof shows a slight improvement of [GL91, Thm. 10.1(3)], by removing the condition on k to be algebraically closed.
Theorem 14. Let Q be an acyclic quiver of extended Dynkin type A n , D n , E 6 , E 7 or E 8 . Let k be any field. Then the path algebra kQ of Q is of amenable representation type.
Proof. Recall the tubular types and minimal radical vectors h Q of the extended Dynkin diagrams in Table 1 , e.g. from [Rin79, p. 335] . Note that A p,q is the quiver of type A n with p + q = n + 1 vertices, where there are p arrows in clockwise and q arrows in anti-clockwise orientation.
We will prove the claim by induction on n for the case of the acyclic A n and for D n , and use the case of D 5 to prove it for the E-family, stepping from 5 to 6 to 7. Case A n : For A 1 , the only acyclic orientation is the 2-Kronecker quiver, which has been shown to be of amenable type in Theorem 12.
Now assume the case of all acyclic quivers A n for n ≥ 1 has already been proven. Let A p,q be of type A n+1 . Then p + q = n + 2 ≥ 3. We may thus assume that p ≥ 2, and choose a tube T of rank m := p, and denote the isoclasses of simple regular modules in this tube by T 1 , . . . , T m . Since all indecomposable preprojective kQmodules X have defect ∂(X) = −1, Lemma 9 implies that every indecomposable preprojective is contained in the perpendicular category T ⊥ i for some 1 ≤ i ≤ m.
By Proposition 13, each T ⊥ i is hyperfinite. This shows that the preprojectives form a hyperfinite family, using Proposition 2.
Next, we consider the regular modules. Indecomposable regular modules in a tube other than T will be contained in T ⊥ 1 by [Rin84, 3.1.(3')]. By Lemma 8, any regular indecomposable in T either is contained in the perpendicular category of some simple regular in T or has a submodule of bounded codimension, which is in the perpendicular category of some simple regular in T. But by the above argument, the perpendicular categories are hyperfinite. In the latter case, we can therefore apply Proposition 4 to show the hyperfiniteness of these indecomposable regular modules.
For the preinjective modules, we may apply the argument used for the preinjectives in the proof of Thereom 12. This completes the induction step.
Case D n : For the case of D 4 , choose a tube T of rank 2, and denote the simple regular modules in T by S and T . In this case, as the extended Dynkin quiver of tubular type (1, 2, 2) is one of type A 2,2 , which is known by the above to be amenable, Proposition 13 implies that S ⊥ and T ⊥ are hyperfinite. All preprojective modules X of defect ∂(X) = −1 are in S ⊥ or T ⊥ by Lemma 9. Using Lemma 10, we can find a submodule Y for all but finitely many indecomposable preprojectives X of defect ∂(X) = −2, which are not themselves in S ⊥ or T ⊥ . Since the dimension vector of the simple regular in T is bounded, the conditions of Propositon 4 are satisfied for all but finitely many indecomposable preprojectives of defect −2. This shows that the preprojectives form a hyperfinite family.
Moreover, the regular modules are hyperfinite: If they are in a tube other than T, they will be contained in S ⊥ by [Rin84, 3.1.(3')]. Choosing a second nonhomogeneous tube T ′ and a simple regular U ∈ T ′ , we know that T ⊂ U ⊥ , which is also hyperfinite.
We are left to deal with the preinjective modules. By Lemma 11, for each indecomposable preinjective X, we can find a submodule Y := ker θ of strictly smaller defect. Moreover, if Y had a preinjective summand Z, it must have defect ∂(Z) < ∂(X). We do an induction on the defect d. If d = 1, then we can choose the hyperfinite family N 0 of all preprojective and regular modules. For all preinjective indecomposables of defect d, the submodule Y must be in add N 0 , since there are no preinjective modules with defect ∂(Z) < 1. This family is hyperfinite by Proposition 2 and the above results. Moreover, the codimension of Y is bounded by the dimension of the indecomposable injectives, of which there are only finitely many. Hence, we can use Proposition 4 to prove the hyperfiniteness of the indecomposable preinjectives of defect one. We recursively define Note that the base case implies that N 1 is hyperfinite. For the induction, note that Lemma 11 also yields a submodule in add N d for every indecomposable preinjective of defect d + 1 of bounded codimension. Assuming the hyperfiniteness of N d , Proposition 4 yields that N d+1 is hyperfinite. This proves the claim for D 4 , using Proposition 2. Now assume the case of D n has already been dealt with for n ≥ 4. To prove the amenability of D n+1 , choose T to be the unique tube of maximal rank. Similarly to the base case, S ⊥ is of amenable type for S ∈ T, since the tubular type (2, 2, (n + 1) − 2 − 1) belongs to D n . By inspection of Table 1 , we see that the indecomposable preprojectives have negative defect one or two. Hence, they are in a hyperfinite family by Lemma 9. The regular indecomposables are hyperfinite by an argument similar to that of the base case. To deal with the indecomposable preinjectives, we may apply the same induction as in the base case.
Case E n . We proceed with E n for n = 6, 7, 8. Assume the path algebra of tubular type (2, 3, n − 4) has already been shown to be of amenable type. By choosing T to be a tube of maximal rank m = n − 3, we find simple regular modules S such that S ⊥ is hyperfinite, for the argument of Proposition 13 reduces it to (2, 3, m−1). Inspection tells us that any indecomposable preprojective module will have negative defect less than 2m. Thus, we can use Lemma 10 -if needed in connection with Proposition 4 -to show that all but finitely many, and hence all preprojective indecomposables form a hyperfinite family. For the indecomposable regular and preinjective modules, use the same arguments as for D n .
